Abstract. Let G be a group, (M, d) be a metric space, X ⊂ M be a compact subset and ϕ : G × M → M be a left action of G on M by homeomorphisms. Denote gp = ϕ(g, p). The isotropy subgroup of G with respect to X is defined by H X = {g ∈ G; gX = X}. In this work we define the induced Hausdorff
Introduction
Let G be a locally compact topological group with enumerable basis and M be a Hausdorff and locally compact topological space. Let ϕ : G × M → M , (g, p) → g.p := ϕ(g, p), be a continuous left action of G on M and consider p ∈ M . If ϕ is transitive and H p is the isotropy subgroup of G with respect to p, then gH p → gp is a homeomorphism from G/H p to M (see [10] ). Moreover, if d is a metric on M that is compatible with its topology, then we can induce a metric d p on G/H p by d p (g 1 H p , g 2 H p ) = d(g 1 p, g 2 p) such that gH P → gp is an isometry from (G/H p , d p ) to (M, d) .
In this work we study a more general situation. Consider a left action ϕ :
, where G is a group, (M, d) is a metric space and ϕ is a left action by homeomorphisms. Let X be a compact subset of M and consider the isotropy subgroup H X = {g ∈ G; gX = X} of G with respect to X. Induce a metric d X on the quotient space G/H X by d X (g 1 H X , g 2 H X ) = d H (g 1 X, g 2 X), where d H is the Hausdorff distance on (M, d) (see Proposition 2.1). d X is called the induced Hausdorff metric on G/H X .
The intrinsic metric induced by d X (see Section 2) is denoted byd X and it plays an important role in this work. We are interested to study the metric spaces (G/H X , d X ) and (G/H X ,d X ).
Let T M be the tangent bundle of a differentiable manifold M . In this work, a Finsler metric on M is a continuous function F : T M → R such that F restricted to each tangent space is a norm (see [6] , [4] , [5] , etc).
The second important issue in this work are the metrics on differentiable manifolds that are locally Lipschitz equivalent to Finsler metrics (see Definition 2.9). Although more general than Finsler metrics, we prove that it shares some good properties that Finsler metrics have. For instance all continuously differentiable curves defined on [a, b] are rectifiable (Proposition 6.1); every curve that have the same tangent vector at a point have the same speed, whenever the speed exists for one of these curves (see Definition 2.4 and Lemma 6.9). We denote the space of all metrics on a differentiable manifold M that are locally Lipschitz equivalent to a Finsler metric by L(M ).
The main result of this work is placed in the intersection of these two subjects: It states that if G is a Lie group, (M, d) is a differentiable manifold endowed with a metric d ∈ L(M ), X ⊂ M is a compact subset and ϕ : G × (M, d) → (M, d) is a smooth left action by isometries, thend X is Finsler (see Theorem 7.11) . In broad sense, what happens is that the metrics d, d X andd X are somehow related and the action is by isometries causes a regularization effect ond X .
In [4] and [5] , Berestovskii studies homogeneous spaces N endowed with an invariant intrinsic metricd which induces the topology of N . One of his main results (see [5, Theorem 3] ) states that "a locally compact, locally contractible homogeneous space with an intrinsic metric is isometric to a quotient space G/H of some connected Lie group by a compact subgroup H endowed with a CarnotCaratheodory-Finsler metric, which is invariant with respect to the canonical action of G on G/H." Here Carnot-Caratheodory-Finsler metric is the Finsler version of the classical Carnot-Caratheodory metric. Moreover he proves that if t → exp(tv).p is rectifiable for every p and every v in the Lie algebra g of G, thend is Finsler. It is worth to remark that Theorem 7.11 can not be settled directly from Berestovskii's Theorem because we need to prove that the topology on G/H X induced byd X is the quotient topology. This result is only achieved in Theorem 7.1 at the end of this work.
This work is organized as follows. In Section 2 we fix notations and give definitions and results that are necessary for this work. The pre-requisites includes basic facts about the left action of a group on a metric space, Hausdorff distance, intrinsic metrics and Finsler metrics on differentiable manifolds.
Let (M, F ) be a Finsler manifold. We define the metric
where S x,y is the family of curves which connects x and y and are continuously differentiable by parts. If f : M → M is a diffeomorphism, then there exist two concepts of isometry on (M, F ):
is an isometry of metric spaces or df x : T x M → T f (x) M is an isometry of normed vector spaces for every x ∈ M . In Section 3 we prove that these two definitions coincide (Theorem 3.1).
In the meantime we prove that if γ : (−ε, ε) → (M, F ) is path such that γ ′ (0) = v, then the speed of γ at 0 is equal to F (v) (See Theorem 3.7).
In the setting of the first paragraph of this section, we have that gH p → gp is an isometry from (G/H X , d X ) to (M, d). In more general cases, it makes sense to think that d, d X andd X are somehow related. In Section 4 we study the influence of ϕ and d on d X andd X . Under mild conditions on G, M and ϕ, we prove results such as: if d and ρ induces the same topology on M , then d X and ρ X induces the same topology on G/H X (Proposition 4.6); if d and ρ are locally Lipschitz equivalent on M , then d X and ρ X (as well asd X andρ X ) are locally Lipschitz equivalent (see Theorem 4.10) ; the quotient topology is finer than the topology induced by d X (see Proposition 4.1).
In Section 5 we study the geometry of (G, d X ), where G is a Lie group, M is a differentiable manifold endowed with a metric d which is compatible with the topology of M , X is a compact subset of M and ϕ : G × M → M is a smooth left action by isometries of G on M . In the path to prove that (G/H X ,d X ) is a Finsler manifold, we need to prove thatd X induces the quotient topology on G/H X . In order to do that, we need to study the topology induced by d X on G/H X , which can be strictly coarser than the quotient topology. The typical example is the irrational flow on the flat torus (See Example 5.1). The key result in this section is Theorem 5.3, which states that there exist an ε > 0 such that for every gH X ∈ G/H X , the ball B dX (gH X , r) = {hH X ∈ G/H X ; d X (hH X , gH X ) < ε} is contained in a countable union of pairwise disjoint compact subsets of G/H X (compact with respect to the quotient topology).
In Section 6 we study paths in G/H X endowed with the metric d X ord X , especially when the metric d on M is in L(M ). For instance, in Proposition 6.2 we prove that if G is a Lie group, (M, d) is a differentiable manifold endowed with a metric d ∈ L(M ), X ⊂ M is a compact subset and ϕ : G × M → M is a smooth left action of G on M , then every continuously differentiable path η : [a, b] → (G/H X , d X ) is Lipschitz. In particular, η is rectifiable. In addition, if we put the hypothesis that ϕ is an action by isometries, we have that the speed of the curve t → exp(tv)H X exists everywhere for every v ∈ g (see Theorem 6.8).
In the way to construct the Finsler norm on T HX G/H X , Lemma 6.9, which states that curves on a differentiable manifold (M, d ∈ L(M )) with the same derivative at some point have the same speed. Finally we prove that every path in (G/H X , d X ) is a path with respect to the quotient topology (see Theorem 6.10 ). This result is essential to prove that the topology induced byd X on G/H X is equal to the quotient topology and it uses the results that we get in Section 5.
In Section 7 we prove Theorem 7.11. The key result is Theorem 7.1, that states that in the conditions of Theorem 7.11, for every gH X ∈ G/H X , there exist a neighborhood (with respect to the quotient topology) O ⊂ G/H X of gH X such that d X | O×O andd X | O×O are Lipschitz equivalent to a Finsler metric on O. This result together with the results of Section 6 allow us to define the norm (1) F HX (v) = lim |t|→0 d X (c(t), H X ) |t| on the tangent space T HX G/H X , where c : (−ε, ε) → G/H X is any curve such that c(0) = H X and c ′ (0) =v. We prove that the G invariant function F : T M → R such that F | TH X G/HX = F HX is the Finsler metric associated tod X , what settles Theorem 7.11.
In Section 8 we study some additional examples. In particular we find an explicit expression for the Finsler metric of (G/H X ,d X ) when X is a compact submanifold without boundary of a Riemannian manifold M (see Theorem 8.6).
Part of this work was developed during the Ph.D. Thesis [3] of the second author under the supervision of the first author at State University of Maringá-Brazil. The authors would like to thank Anderson M. Setti and Professors Luiz A. B. San Martin, Pedro J. Catuogno, Josiney A. de Souza and Marcos R. T. Primo for their valuable suggestions.
Preliminaries
Classical definitions and results stated in this work can be found in [1] , [6] , [8] , [10] , [11] , [12] , [15] , [16] , [18] [19] [20] [21] and [22] . Every differentiable manifold will be Hausdorff with countable basis.
Let G be a group and consider an arbitrary non-empty set M . Denote the identity element of G by e. A left action of G on M is a function ϕ : G × M → M , denoted by gx := ϕ(g, x), such that ex = x for every x ∈ M and (gh)x = g(hx) for every (g, h, x) ∈ G × G × M . Observe that every ϕ g := ϕ(g, ·) is a bijection. If X ⊂ M is a subset, then the isotropy subgroup of G with respect to X is defined by H X = {g ∈ G; gX = X}.
We can define a right action of a group on a non-empty set analogously. Unless otherwise stated, an action will stand for a left action.
If (M, d) is a metric space with metric d : M × M → R, then we say that ϕ is an action by isometries if every ϕ g is an isometry, that is d(x, y) = d(gx, gy) for every (g, x, y) ∈ G × M × M . Likewise we define actions by homeomorphisms and actions by diffeomorphisms.
In a metric space (M, d), we denote the open ball with center p and radius r > 0 by B d (p, r), the closed ball by B d [p, r] and the sphere by S d (p, r). The annuli are denoted by
Given a metric space (M, d), the Hausdorff distance between two non-empty subsets X 1 , X 2 ⊂ M is given by
It is straightforward to see that d H (X 1 , X 2 ) = d H (X 1 ,X 2 ), whereX stands for the closure of X. Therefore if we want to study Hausdorff distance, we can restrict ourselves to closed subsets of M . The Hausdorff distance is a metric on the set of all non-empty compact subsets of M and it is an extended metric (eventually admitting infinite distance) on the set of all non-empty closed subsets of M . Proposition 2.1. Let G be a group, (M, d) be a metric space, X ⊂ M be a closed subset and ϕ : G × M → M be an action by homeomorphisms of G on M . Then (1) ϕ and X induce an extended pseudometric on G in the following way: If
for every a ∈ G and every gH X , hH X ∈ G/H X .
Proof
Item 1 is straightforward from the properties of Hausdorff distance. Item 2 -In order to prove that d X is well defined, let g 1 H X = g 2 H X and
In order to prove that d X is an extended metric, observe that the inequality d X ≥ 0, the symmetry of d X and the triangle inequality are straightforward. Moreover
Therefore d X is an extended metric on G/H X . Of course, if X is compact, then d X is always finite and it is a metric.
Item 3 -If ϕ is an action by isometries, then the equality d X (agH X , ahH X ) = d X (gH X , hH X ) for every a ∈ G and every gH X , hH X ∈ G/H X is straightforward from (2). Definition 2.2. Let ϕ : G × M → M be an action by homeomorphisms of a group G on a metric space (M, d). Let X ⊂ M be a closed subset and H X be the isotropy subgroup of X. Then the (extended) metric d X defined on G/H X in Proposition 2.1 is called the induced Hausdorff metric on G/H X .
In several situations, it is important to know when H X is a closed subset of G.
is a continuous action of a topological group on a metric space and X is closed subset of M , then H X is a closed subgroup of G.

We prove that
, what means that there exist a x ∈ X such that g −1 x ∈ X. Using the former step there exist a neighborhood
Whenever we consider an (continuous or differentiable) action ϕ :
) of a Lie group (or topological group) G on a differentiable manifold M endowed with a metric d, we assume that the topology induced by d will be the topology correspondent to the differentiable structure of M unless otherwise stated.
If ϕ : G × M → M is a smooth action of a Lie group G on a differentiable manifold M endowed with a metric d and X ⊂ M is a closed subset, then H X is a closed subgroup of G and G/H X admits an unique differentiable structure such that the natural action φ : G × G/H X → G/H X is smooth. We denote the quotient topology of G/H X by τ . As a particular case, if ϕ is transitive, X = {p} and H p is the isotropy subgroup of p, then gH X → gp is a diffeomorphism which is also an isometry from (G/H X , d X ) to (M, d).
Let (M, d) be a metric space and γ : [a, b] → M be a path. We denote a partition of [a, b] by P := {a = t 0 < t 1 < . . . < t nP = b}, the norm of P by |P| := max i∈{1,...,nP } (t i − t i−1 ) and
Then length of γ is defined by
If ℓ(γ) is finite, we say that γ is rectifiable.
) is a metric space, we can define a metricd on M bŷ
where C x,y is the family of d-paths connecting x and y.d is called the intrinsic metric induced by d and observe thatd ≥ d holds due to the definition ofd. This implies that the topology induced byd on M is finer than the topology induced by d. In particular, everyd-path is a d-path.
Moreover γ can be reparameterized by arclength (See Proposition 2.3.12 and Proposition 2.5.9 of [6] ). Let M be a differentiable manifold and denote the tangent space of M at p ∈ M by T p M and the tangent bundle of M by
A differentiable manifold endowed with a Finsler metric is a Finsler manifold (see [6] , [4] and [5] ). For the sake of simplicity, we write F (v) := F (p, v) whenever there is no possibility of misunderstandings. 
We will not use this definition in this work. Sometimes we refer to the definition we use by C 0 -Finsler metric in order to avoid possible misunderstandings.
where S x,y is the family of paths which are continuously differentiable by parts and connects x and y. If (M, F ) is a Finsler manifold and γ : [a, b] → M is a path which is continuously differentiable by parts, then
where ℓ dF (γ) is calculated according to (4) (see Subsection 2.4.2 of [6] ). Thereforê Finally we introduce the concept of a metric which is locally Lipschitz equivalent to another metric. This concept is essential throughout this work, especially for Definition 2.9 below. Definition 2.8. Let M be a no-nempty set. Suppose that d and ρ are two metrics that defines the same topology on M . We say that d and ρ are locally Lipschitz equivalent if for every p ∈ M , there exist constants c p , C p > 0 and a neighborhood The case of a smooth action ϕ : G × M → M , where G is a Lie group and M is a differentiable manifold endowed with a metric d ∈ L(M )) is of particular importance for this work.
Isometries in Finsler manifolds
When we consider a diffeomorphism f : M → M on a Finsler manifold (M, F ), there exist two definitions of isometry: In the first definition, f :
is an isometry of metric spaces. The other definition states that df x :
M is an isometry of normed vector spaces for every x ∈ M . In this section we prove that these two definitions coincide. In the meantime we prove that if
We prove some preliminary results before the proof of Theorem 3.1.
where
is the family of d-paths that connects x and y and remains inside V . The last equality holds because we can discard the d-paths that does not remain in V due to (7) . Consider, without loss of generality, that a i < a j . This forces b i < b j due to (8) . Therefore if i = j, we can define a relationship I i < I j if a i < a j and b i < b j . Observe that this relationship is transitive.
Consider a Finsler metric
In other words, F 0 can be identified with a norm on R n . The proofs of Theorems 3.1 and 3.7 are based on the fact that an arbitrary Finsler metric can be locally approximated by F 0 .
for every x ∈ V and v ∈ T x V . Then the following statements hold:
• If V is convex (with respect to the Euclidean metric), then
In particular, straight lines in V ⊂ R n are minimizers.
• Let (M, F ) be a Finsler manifold which is isometric to an open subset of (R n , F 0 ), that is, there exist an embedding f :
for every x, y ∈ V .
Proof
In order to prove the first item, it is enough to prove that
in (R n , F 0 ). In fact, (11) implies that straight lines are minimizers in (R n , F 0 ). Then they are minimizers also in a convex subset V ⊂ (R n , F 0 ) and d F (x, y) = F 0 (x − y). In order to prove the second item, it is enough to prove the first item and observe that every point of f (M ) admits convex neighborhoodsṼ andW such thatṼ ⊂W and
for every x, y ∈Ṽ (see Remark 3.2 and notice that d F is intrinsic). Let us prove (11) .
In order to prove that
n (the continuously differentiable by parts case can be easily reduced to this case). Fix such a curve and consider ε > 0. Then there exist a δ > 0 such that if |t i − t j | < δ, then
.
If we consider a partition P = {a = t 0 < t 1 < . . . < t nP = b} such that |P| < δ, then
, such that the intervals satisfy (8) . We can define an order on these intervals in such a way that I m < I n whenever m < n (see Remark 3.3). Observe thatt i <t j whenever i < j because allt k are in the center of the interval. ThenP = {a =t 0 < .
due to (12) . But (13) implies that
In order to calculate
we can restrict γ to a neighborhood of p which is isometric to a convex open subset of (R n , F 0 ). Let f : M → R n be a smooth function such that
due to (10) and
due to the continuity of F 0 .
Proposition 3.6. Let F 1 and F 2 be two Finsler metrics on the same underlying set M and p ∈ M . Suppose that F 1 (p, ·) = F 2 (p, ·) and fix ε > 0. Then there exist a neighborhood V of p such that
Proof If x ∈ M , then
, that is, in order to calculate the distance, it is enough to consider paths in W . But
due to (14) . Therefore, if we set V = B dF 1 (p, r) ∩ B dF 2 (p, r), the proposition is settled.
Theorem 3.7. Let (M, F ) be a Finsler manifold and γ : (−a, a) → M be a differentiable curve such that γ(0) = p and γ
Fix a neighborhood W of p and endow it with a metricF in such a way that
Consider an ε > 0. Proposition 3.6 states that there exist a neighborhood V ⊂ W such that
where the first and the last equalities are due to Proposition 3.5, and the result is proved.
Proof of Theorem 3.1
is an isometry for every x ∈ M . Consider y, z ∈ M . Then
and
where the first and the last equality hold due to Theorem 3.7.
Theorem 3.1 implies that the definition of smooth action by isometries of a Lie group on a Finsler manifold can be used without ambiguity. 
Properties of induced Hausdorff metrics
Let G be a group, (M, d) be a metric space, X be a compact subset of M and ϕ : G × M → M be an action by homeomorphisms of G on M . In this section we study the influence of ϕ and d on d X andd X . Under mild conditions on G, M and ϕ, we prove results such as: if d and ρ induces the same topology on M , then d X and ρ X induces the same topology on G/H X (Proposition 4.6); if d and ρ are locally Lipschitz equivalent on M , then d X and ρ X (as well asd X andρ X ) are locally Lipschitz equivalent (see Theorem 4.10); the quotient topology is finer than the topology induced by d X on G/H X (see Proposition 4.1). These kind of results are interesting by themselves and they also help us to generalize some results that hold when (M, F ) is a Finsler manifold to the case (M, d ∈ L(M )).
Proposition 4.1. Let ϕ : G×M → M be a continuous action of a topological group G on a metric space. Let X ⊂ M be a compact subset. Then d X : G/H X ×G/H X → R is continuous with respect to the quotient topology of G/H X .
Proof
First of all we prove that the pseudometricď X :
Consider the continuous function η :
. The inverse image of (−ε/2, ε/2) is a neighborhood of {g 1 } × X. Due to the tube lemma, there exist a neighborhood V of g 1 such that V ×X ⊂ η
Analogously we have thatď X (g 1 , g 2 ) <ď X (h 1 , h 2 ) + ε and we have proved that for [16] ). In Proposition 4.1, d X is continuous with respect to the quotient topology τ of G/H X . Therefore the quotient topology is finer than the topology induced by d X . In particular, if α is a path in (G/H X , τ ), then α will be also a path in the metric space (G/H X , d X ). Example 4.3. In the conditions of Proposition 4.1,d X is not necessarily continuous with respect to the quotient metric on G/H X . As an example, consider M = R with the metric d(x, y) = |x − y|. It is not difficult to show thatd(x, y) = ∞ if x = y. If we consider the natural action of the group G = (R, +) on M by addition and we take X = {0}, then H X = {0} and
andd X is not continuous with respect to the quotient topology on G/H X . The next step is to prove Proposition 4.6 that states that under mild conditions, if d and ρ are metrics that induces the same topology on M , then d X and ρ X induces the same topology on G/H X . We will prove some lemmas before. 
Lemma 4.5. Let d and ρ be two metrics that induces the same topology on M . Let Y be a compact subset of M . Then for every ε > 0, there exist a δ > 0 such that
Of course we can change the roles of ρ and d in Lemma 4.5. Lemma 4.5) . Without loss of generality, we can consider ε < r. If hH X ∈ B ρX (gH X , δ), then ρ H (gX, hX) < δ what implies that gX ⊂ B ρ (hX, δ) and hX ⊂ B ρ (gX, δ) (see (3) ). Consequently we have that gX ⊂ B d (hX, ε/2) and hX ⊂ B d (gX, ε/2) due to the definition of δ and we have that hH X ∈ B dX (gH X , ε) due to (3) . Therefore given gH X ∈ G/H X and ε > 0, there exist δ > 0 such that B ρX (gH X , δ) ⊂ B dX (gH X , ε). Thus the topology induced by ρ X is finer than the topology induced by d X . If we change the roles of ρ X and d X , we get that the topology induced by d X is finer than the topology induced by ρ X . The next step is to prove Theorem 4.10. We prove some preliminary results first. 
We denote the topology induced by
for every x, y ∈ V . Notice that
Due to Remark 3.2, if x, y ∈ Bd(p, r), then
is the family of τ M -paths in V that connects x and y. Analogously we have that
for every x, y ∈ Bρ(p, r). Now we will prove that for every ε, there exist a δ such that Bρ(p, δ) ⊂ Bd(p, ε). Without loss of generality we can consider ε ≤ r. If δ = cε and x ∈ Bρ(p, δ), then
due to (17) , and x ∈ Bd(p, ε). Therefore Bρ(p, δ) ⊂ Bd(p, ε) andρ is finer thand. The proof thatd is finer thanρ is analogous. Then the topologies induced byd andρ coincide. Finally in order to see thatd andρ are Lipschitz equivalent on W = Bd(p, r) ∩ Bρ(p, r), it is enough to observe that the relationships
hold for every x, y ∈ W due to (17), (18) and (19) . A 21) cd(x, y) ≤ ρ(x, y) ≤Cd(x, y) for every (x, y) ∈ A for some positive constantsc andC. From (20) and (21) we have that there exist constants c, C > 0 such that (22) cd(x, y) ≤ ρ(x, y) ≤ Cd(x, y) for every x, y ∈ Y.
Proposition 4.9.
(1) Let d and ρ be two metrics on M such that d(x, y) ≤ Cρ(x, y) for some C > 0 and every
Let G be a topological group, d and ρ be two Lipschitz equivalent metrics on M , X ⊂ M be a compact subset and ϕ : G × M → M be a continuous action of G on M . Then d X and ρ X are also Lipschitz equivalent.
Item 2 is a direct consequence of Item 1. We prove that if d(x, y) ≤ Cρ(x, y) for every x, y ∈ M and X, Y are non-empty subsets of M , then
Analogously we have that 
The second item follows from the first item and Proposition 4.7. Then it is enough to prove the first item.
First of all d X and ρ X induces the same topology on G/H X due to Proposition 4.6.
For gH X ∈ G/H X , consider r > 0 such thatB d (gX, r) is compact (see Lemma 4.4). We claim that d X and ρ X are Lipschitz equivalent on B dX (gH X , r). In fact, notice that d and ρ are Lipschitz equivalent on A = B d (gX, r) (Proposition 4.8). Then (23) cd(x, y) ≤ ρ(x, y) ≤ Cd(x, y)
for every x, y ∈ A and some positive constants c, C > 0. If we consider (3)) and
due to Proposition 4.9.
5. Geometry and topology of (G/H X , d X )
Let G be a Lie group, M be a differentiable manifold endowed with a metric d and X be a compact subset of M . Consider an action ϕ : G×M → M by isometries. In this section, we study the geometry and topology of (G/H X , d X ). We know that d X -open subsets of G/H X are open in the quotient topology τ (Proposition 4.1). In this section we prove that there exist an ε > 0 such that B dX (gH X , ε) is contained in a countable family of pairwise disjoint τ -compact subsets of G/H X (Theorem 5.3). This result will be important in order to prove that paths in (G/H X , d X ) are paths in (G/H X , τ ) (Theorem 6.10), which is used in order to prove the second item of Theorem 7.1. More precisely, if τ X is the topology of (G/H X , d X ) andτ X is the topology of (G/H X ,d X ), then τ X ⊂τ X = τ .
The following example illustrates Theorem 5.3.
Example 5.1. Consider the Lie group G = (R, +) with the canonical differentiable structure, and let M = (R × R)/(Z × Z) be the flat torus. Denote its metric by d. We represent a point in M by (x,ȳ), where x, y ∈ R andx is the equivalence class of x ∈ R in R/Z. Consider the action ϕ : G × M → M given by t(x,ȳ) = (t + x, t √ 2 + y), which is a irrational flow on the flat torus. Consider X = {(0,0)}. Then H X = {0} and G/H X ∼ = G. Given an ε > 0, the open ball B dX (0, ε) is not bounded with respect to the Euclidean metric on G. In fact, if we take an arbitrarily big N > 0, there exist a t > N such that t(0,0) ∈ B d ((0,0), ε). Then t ∈ B dX (0, ε) and B dX (0, ε) ⊂ R is unbounded with respect to the canonical metric for every ε > 0. Therefore τ X ⊂ = τ . It is also easy to notice that for a sufficiently small ε, B dX (0, ε) has infinite countable path-connected components.
Before the proof of Theorem 5.3, we present a general setting in order to be referenced afterwards because it will be used frequently.
General setting
Let G be a Lie group, (M, d) be a differentiable manifold endowed with a metric d, X be a compact subset of M and ϕ : G × M → M be a smooth action. Consider a decomposition g = h X ⊕ m of the Lie algebra g of G, where h X is the Lie algebra of the isotropy subgroup H X and m is a subspace of g.
Fix an Euclidean metric d m on m. Let r > 0 such that π • exp restricted to B dm (0, r) ⊂ m is a diffeomorphism over its image.
The map π • exp induce a metric on B dm (H X , r) := π • exp(B dm (0, r)) which for the sake of simplicity we call d m . We will consider three different metrics on B dm (H X
Proof
Due to the G-invariance of d X on G/H X , it is enough to prove that there exist an ε > 0 such that B dX (H X , ε) is contained in a countable union ∪ l∈Λ K l of disjoint τ -compact subsets.
Suppose that we are in the settings of 5.2. For every
, and so on.
Fix s ∈ (0, r) and set
For the sake of simplicity, denote B
and analogously R Denote these constants by R 1 , R 2 and R 3 respectively.
All these subsets are defined in order to find an ε > 0 such that B dX (H X , ε) is contained in a pairwise disjoint union ∪ i∈Λ K i of τ -compact subsets. More precisely, we prove that everything works if we choose ε = min{R 2 /2, R 3 /2} and K i = B gi 2 , where g i ∈ B dX (H X , ε) are chosen strategically.
Observe that G/H
, that is, one inside part and one outside part. The same type of decomposition holds for ε) is a τ -open subset of G/H X and we will show that it is contained in a countable union of disjoint compact sets. Let {O i } i∈Γ be the τ -connected components of B dX (H X , ε), where Γ is a countable set of indexes. The idea is to join the connected components in equivalence classes that are in the same B g dm (gH X ,s/2). We say that
, that can be refined to O j ⊂ B g dm (gH X ,s/2) due to (25) and (26). Observe that ∼ is an equivalence relation. In fact, reflexivity and symmetry of ∼ are immediate. In order to see the transitivity of ∼, observe that O i ∼ O j and O j ∼ O k implies that for every (x, z) ∈ O i × O k , there exist a τ -path connecting x and z in such a way that d X (γ(t 1 ), γ(t 2 )) ≤ 2R 2 < R 1 for every Finally we denote the union ∪ i∈Γ O i by ∪ l∈Λ U l , where each U l is the union of τ -components of B dX (H X , ε) that are in the same equivalence class defined by ∼. For every l ∈ Λ, choose g l H X ∈ U l . Define
Paths in G/H X
In this section we study properties like rectifiability and speed of paths in (G/H X , d X ) and (G/H X ,d X ). We also prove that in some cases, a d X -path in G/H X is always a τ -path (see Theorem 6.10). This theorem is essential in order to prove item (2) of Theorem 7.1. 
Proof
Due to Theorem 4.10 and Proposition 6.1, it is enough to prove the result when (M, F ) is a Finsler manifold. It is also enough to prove the result only for continuously differentiable curves η.
Let η : [a, b] → G/H X be a continuously differentiable curve. Then there exist a curveη : [a, b] → G which is continuously differentiable by parts and such that η = π•η, where π : G → G/H X is the natural projection. In fact, π is a submersion. Then, for every t ∈ (a, b) and every p ∈ π −1 (η(t)), it is not difficult to find an ε > 0 and a continuously differentiable pathη : [t−ε, t+ε] → G such that π•η = η| [t−ε,t+ε] andη(t) = p. Moreover, if h ∈ H X , thenη(·) :=η(·).h satisfies π •η = η| [t−ε,t+ε] and we can make a "vertical displacement" ofη along the fibers of π. For t ∈ {a, b} an analogous continuously differentiable liftingη can be made. Then we can use this construction and the compactness of [a, b] in order to lift η locally and by parts and we can find a curveη : [a, b] → G which is continuously differentiable by parts and satisfies π •η = η (We could smooth the vertices ofη and the lifting can be made continuously differentiable, but we do not need this fact here).
Then
where P is the partition {a = t 0 < t 1 < . . . < t nP = b}. Without loss of generality, we can suppose that points ofη that are not differentiable are in P. Therefore
and η is Lipschitz. The last statement of the theorem holds because ℓd Notice that
. Therefore, when ϕ is an action by isometries, the Lipschitz constant of (29) is the maximum of the norms of a family of Killing fields on M .
Remark 6.4. Let ϕ : G × M → M be a smooth action by isometries of a Lie group G on M = G endowed with a (left invariant) Riemannian metric ·, · M and v ∈ g. Then the Killing field K v can be written as
Proposition 6.5. Let ϕ : G × M → M be a continuous action by isometries of a Lie group G on a metric space (M, d). Let X ⊂ M be a compact subset. Let
First of all, notice that
for every c ∈ R. Therefore we have that ℓ(
). These facts allow us to calculate ℓ(η| [a,b] ) for any a < b. In fact, every closed interval can be obtained as a countable union of closed intervals with measure 1/2 k , where the intersection between two of these intervals is a point (eventually we need an additional point). For instance 0, 2
implies that ℓ(η| [0,
We can generalize the case [0, 2/3] easily and we have that otherwise. Consider the Carnot-Carathodory metric on G that are generated by an invariant inner product on the distribution generated by {V 1 , V 2 } (see [14] , [15] ).
is G with the original Carnot-Carathodory metric and t → exp(tV 3 (e)){e} is not rectifiable even if it is restricted to an arbitrarily small interval [a, b].
Now we study the speed of a differentiable curve in (G/H X , d X ). First of all we remember the following classical result.
) be a rectifiable curve on a metric space (M, d). Then for every ε > 0 there exist a δ > 0 such that if we have a partition P = {t 0 = a < t 1 < . . . < t nP = b} satisfying |P| < δ, then 
The first equality of (31) is the definition of d X . We claim that it is enough to prove that (32) lim
in order to prove the second and third equalities of (31). In fact, we know that
where the second equality is due to the G-invariance of d X . In addition we have that ] )t for t > 0, where the second inequality is due to Proposition 6.5. But the G-
for every t ∈ R. Therefore (32), (33) and (34) settle the second and third equations of (31). Let us prove (32). Consider η| [0, 1] . Let P = {0 = t 0 < t 1 < . . . < t nP = 1} be a partition of [0, 1] and set
Fix ε > 0. Due to Proposition 6.7, we can find δ ∈ (0, 1/2) such that if |P| < δ, then ℓ(η) − Σ(P) < ε/2. Let µ < δ and P µ be a partition of [0, 1] given by {0 = t 0 < µ < 2µ < . . . < N.µ ≤ 1}, where N is chosen such that
where the equality ℓ dX (η| [0, 1] 
is due to Proposition 6.5. If we divide both sides of (35) by N µ, we get
for every µ ∈ (0, δ). This settles (32) and the theorem.
In Theorem 7.9, the (G-invariant) Finsler metric F correspondent to (G/H X ,d X ) is obtained from
where c : (−ε, ε) → G/H X is an arbitrary curve such that c(0) = H X and c ′ (0) =v. This is like a reciprocal of Theorem 3.7. But we need that F (H X ,v) does not depend on the choice of c. The next lemma does the job. 
Endow a sufficiently small τ M -neighborhood V of p with a Euclidean metric ·, · and let (V, ψ = (x 1 , . . . , x n )) be a coordinate system of V such that ψ(p) = (0, . . . , 0) and ∂/∂x i , ∂/∂x j = δ ij . Without loss of generality, we can also suppose that V is ·, · -convex and that the distance function d flat induced by ·, · is Lipschitz equivalent to d on V .
We can restrict c and η in such a way that their images are contained in V . Write c(t) = (c 1 (t), . . . , c n (t)) and v = (v 1 , . . . , v n ) with respect to the coordinate system ψ. If we represent c by its Taylor polynomial and its remainder term, then c(t) = (v 1 .t+f 1 (t), v 2 .t+f 2 (t), . . . v n .t+f n (t)), where f i (t) = O(t 2 ) for every i. Likewise the Taylor polynomial of η is given by η(t) = (v 1 .t + u 1 (t), v 2 .t + u 2 (t), . . . v n .t + u n (t)), where u i (t) = O(t 2 ) for every i. Then we have the estimates d flat (c(t), η(t)) = O(t 2 ) and d(η(t), c(t)) = O(t 2 ) because d flat and d are Lipschitz equivalent. Due to the triangle inequality, we have that |d(p, c(t)) − d(p, η(t))| = O(t 2 ) and the result follows.
Proposition 4.1 implies that τ -paths in G/H X are d X -paths. We conclude this section presenting a type of converse. Theorem 6.10. Let G be a Lie group, M be a differentiable manifold endowed with a metric d, X be a compact subset of M and ϕ : G × M → M be a smooth action by isometries. Let I ⊂ R be an interval and γ : I → G/H X be a d X -path. Then γ : I → G/H X is a τ -path.
This theorem is important to prove the second item of Theorem 7.1 and it uses the study of the geometry of (G/H X , d X ) which we made in Theorem 5.3.
Before the proof of Theorem 6.10 we remember some results and prove some lemmas.
Theorem 6.11 (Sierpiński theorem). Let X be a continuum (compact, connected and Hausdorff topological space). If {C i } i∈N is a pairwise disjoint countable covering of X by closed subsets, then C i = X for some i ∈ N.
See [17] .
Proposition 6.12. Let M be a non-empty set and consider two Hausdorff topologies τ c and τ f on M such that τ c ⊂ τ f . Suppose that x i τc → x and that ∪ i∈N {x i } is contained in a τ f -sequentially compact subset of M . Then
Proof: Immediate. Corollary 6.13. Suppose we are in the hypotheses of Theorem 6.10 and that a d X -path γ : I → M is contained in a τ -compact subset. Then γ is τ -continuous.
We will prove that if
is contained in a τ -compact subset and γ(x i ) dX → γ(x). Therefore γ(x i ) τ → γ(x) due to Proposition 6.12 and γ is τ -continuous.
Proof of Theorem 6.10
For the sake of simplicity, suppose that I = [a, b] (The proof is local, then it works for all types of intervals). Fix t ∈ (a, b) (The case t ∈ {a, b} will be seen afterwards). From Theorem 5.3, there exist an ε > 0 such that B dX (γ(t), ε) is contained in a countable union of pairwise disjoint τ -compact subsets ∪ i∈Λ K i . Due to the d X -continuity of γ, there exist a δ > 0 such that
We claim that η −1 (K j ) is closed for every j ∈ Λ. We will prove that η −1 (K j ) contains its accumulation points. Suppose that x is an accumulation point of η −1 (K j ) and consider a sequence The proof for the case t ∈ {a, b} is analogous. This proof holds for any type of intervals, what settles the theorem.
Intrinsic induced Hausdorff metrics are Finsler
In this section we prove the following theorem: Let G be a Lie group, M be a differentiable manifold endowed with a metric d ∈ L(M ) and X ⊂ M be a compact subset. Let ϕ : G × M → M be a smooth action by isometries of G on M . Then (G/H X ,d X ) is a Finsler manifold (see Theorem 7.11). In particular, a homogeneous space endowed with an intrinsic G-invariant metric d ∈ L(M ) is a Finsler manifold (see Corollary 7.12).
The next theorem is essential in order to prove Theorem 7.11.
Theorem 7.1. Let ϕ : G × M → M be a smooth action by isometries of the Lie group G on a differentiable manifold (M, d ∈ L(M )) and let X ⊂ M be a compact subset. Consider an arbitrary Finsler metric F on G/H X and denote its distance function by d F .
(
Before proving this theorem, we prove some preliminary results.
Lemma 7.2. Consider (a − ε, a + ε) ⊂ R, with ε, a − ε > 0. Then there exist a δ > 0 such that
Proof
It is enough to show that there exist a N ∈ N such that (a+ε)/(n+1) > (a−ε)/n for every n ≥ N . But it is straightforward that this is true for n > (a − ε)/(2ε).
Therefore if we choose any
Lemma 7.3.
• Let ϕ : G × M → M be a continuous action by isometries of a Lie group G on a metric space M and let X be a compact subset of M . Consider an arbitrary Finsler metric F on G/H X and denote its distance function by d F . Then there exist a constant C > 0 and a τ -neighborhood O of H X ∈ G/H X such that
for every gH X ∈ O.
• Let ϕ : G × M → M be a smooth action of a Lie group G on a Finsler manifold (M, F ′ ) and let X be a compact subset of M . Then there exist a constant C ′ > 0 and a τ -neighborhood O ′ of H X ∈ G/H X such that
Proof
Consider the general setting as in 5.2. Fix r ′ ∈ (0, r) and an ε > 0 such
for every v ∈ A dm (0, r ′ − ε, r ′ + ε) due to the G-invariance of d X and the triangle inequality. Moreover
holds. Therefore we have that
for every v ∈ S dm (0, 1) and every
Due to Lemma 7.2, there exist a δ > 0 such that
for every t ∈ (0, δ) and every w ∈ S dm (0, 1), that is, for every tw ∈ B dm (0, δ).
Consequently if we choose
where the last inequality is calculated as in (29). But
for every u ∈ B dm (0, r/2). Now we use the Lipschitz equivalence of d m and
Lemma 7.4. Let M be a non-empty set and consider two topologies τ c and τ f on M . Suppose that for every
The following lemma helps to show thatd X is finer than τ in G/H X . The lemma is applied with d = d X and ρ = d F .
Lemma 7.5. Let M be a non-empty set endowed with metrics d and ρ such that
• paths in (M, d) are paths in (M, ρ);
• for every p ∈ M , there exist a ρ-neighborhood V of p such that d| V is Lipschitz equivalent to ρ| V .
. Thend is finer than ρ.
Proof
Fix p ∈ M . For an ε > 0 we will prove that there exist δ > 0 such that Bd(p, δ) ⊂ B ρ (p, ε). We can consider without loss of generality that B ρ [p, ε] ⊂ V . Due to the definition of V , there exist a C > 0 such that ρ(x, y) ≤ Cd(x, y) for every x, y ∈ V . If η is a d-path that does not remain in V , then it is also a ρ-path that does not remain in B ρ (p, ε) and we have that
We claim that Bd(p, ε/C) ⊂ B ρ (p, ε). If q ∈ Bd(p, ε/C), then there exist a rectifiable d-path γ connecting p and q such that ℓd(γ) = ℓ d (γ) < ε/C what implies that γ does not leave V . Then ℓ ρ (γ) < ε and q ∈ B ρ (p, ε), what settles the lemma. Remark 7.6.
• Consider the smooth map
Represent the smooth curves η :
where η 1 is a curve on G and η 2 is a curve on G/H X . When we restrict dφ to the vectors of type (0, v), that is, directional derivatives along curves with η 1 constant, then
In particular, d(φ g ) hHX (v) depends continuously on g, hH X and v.
• Suppose that we are in the settings 5.2. Consider the restrictioñ φ : exp B dm (0, r) × B dm (H X , r) → G/H X of φ and observe that exp B dm (0, r) is a submanifold of G which is invariant by inversion. We can restrict dφ to the points of type (g −1 , gH X , 0, v) and we get
In particular ξ :
is continuous.
Proof of Theorem 7.1
Denote byÕ a τ -neighborhood of H X ∈ G/H X with compact closure such that (36) and (37) holds. First of all, we prove the theorem for the case where
Due to the G-invariance of d X andd X on G/H X , it is enough to prove that there exist a τ -neighborhood O of H X ∈ G/H X and C > 0 such that
Remember that the inequality d X ≤d X always holds. Let us prove (42). Due to (40), d(φ g ) hHX (v) depends continuously on g, hH X and v. Then there exist a (
The properties above can be used as steps to construct O 1 and O 2 in such a way that at the end of the process all the properties hold.
If
is the geodesic connecting g 1 H X and g 2 H X (an Euclidean segment), then φ g
• γ is smooth curve inÕ (not necessarily an d m geodesic) connecting H X and g
Therefore we have that
and (42) 
In order to prove (43), let O
The property sup
But O 2 is d m -convex and the and we can consider the d m -geodesic γ : 
for every g 1 H X , g 2 H X ∈ O ′ . Now we use the first part of the proof (the case where (M, d) is Finsler) and the fact that τ is finer than τ X in order to find a τ -neighborhood O ⊂ O ′ of gH X and positive constants c, C > 0 such that
for every g 1 H X , g 2 H X ∈ O. Now we combine (44) and (45) in order to get
Finally observe that the relationships τ X ⊂τ X = τ follow from Theorem 4.10.
Remark 7.7. In Example 5.1 we have that τ X ⊂ = τ .
Let G be a Lie group, (M, d ∈ L(M )) be a differentiable manifold, X be a compact subset of M and ϕ : G × M → M be a smooth action by isometries of G on M . The next step is to construct the function F : T (G/H X ) → R that will be the Finsler function correspondent tod X (Theorem 7.9).
Corollary 7.8. Let ϕ : G×M → M be a smooth action by isometries of a Lie group G on a differentiable manifold (M, d ∈ L(M )) and let X ⊂ M be a compact subset.
In particular
Proof
It is a direct consequence of Theorem 7.1 and Lemma 6.9 (with c(t) = exp(tv)H X ).
Theorem 7.9. Let ϕ : G × M → M be a smooth action by isometries of a Lie group G on a differentiable manifold (M, d ∈ L(M )) and let X be a compact subset of M . Let φ : G × G/H X → G/H X be the natural action of G on G/H X . Define the function F HX : T HX (G/H X ) → R by
where c : (−ε, ε) → G/H X is any curve such that c(0) = H X and c ′ (0) =v. Then
• F HX is well defined and it is a norm on T HX (G/H X );
• The function F :
where c : (−ε, ε) → G/H X is a curve such that c(0) = gH X and c ′ (0) =ṽ, does not depend on the choice of c. Moreover
holds for every g ∈ gH X ; • F is a G-invariant Finsler metric;
• F HX is invariant by the isotropy representation ι :
F HX is well defined due to Corollary 7.8. Let us prove that F HX is a norm. The fact that F HX ≥ 0 and F HX (0) = 0 is straightforward from the definition of F HX . Observe that F HX (v) > 0 ifv = 0 is consequence of Theorem 6.8 and the fact that
Notice that F HX (av) = |a|F HX (v) for every a ∈ R andv ∈ T HX G/H X is trivial when a = 0. When a = 0, it is a direct consequence of Theorem 6.8.
Let us prove the triangle inequality. Consider a decomposition g = m ⊕ h X . Let v, w ∈ m ⊂ g such that v + h X =v and w + h X =w. Observe that
But exp(−tv) exp(tu + tv) = exp(tu + O(t 2 )) (see for instance [10] ). Then
for some constant C 1 > 0, where d F is the distance function with respect to a Riemannian metric on G/H X (Theorem 7.1). Observe that exp : g → G and π : G → G/H X are smooth maps. If we endow g with an arbitrary Euclidean metric d g then π • exp is locally Lipschitz. Then
and rewriting the inequality above we have that
Now dividing the inequality above by |t| and taking the limit with t going to zero, we have the triangle inequality. Therefore F HX is a norm on T HX (G/H X ) and consequently it is continuous.
Item 2.
Choose g ∈ gH X and consider c : (−ε, ε) → G/H X such that c(0) = gH X and c ′ (0) =ṽ. Notice that
due to the G-invariance of d X . Observe that the equality
states that the left-hand side does not depend on the choice of c such that c(0) = gH X and c ′ (0) =ṽ and the right-hand side does not depend on the choice of g ∈ gH X . Observe that (41) applies here.
Item 3
If we suppose that we are in the settings 5.2, we have that F is continuous in T (B dm (H X , r)) due to (41). The proof that F is G-invariant is analogous to (47). Therefore F is a G-invariant Finsler metric.
Item 4
It is a direct consequence of (47) with g ∈ H X .
Suppose that we are in the hypotheses of Theorem 7.11. We have that
The next lemma implies thatd X = d F .
Lemma 7.10. Let ϕ : G× M → M be a smooth action by isometries of a Lie group
• For every ε > 0, then there exist a path
.5.9 of [6] ). Notice that for every p ∈ G/H X , there exist a τ -neighborhood V of p ∈ G/H X and an Euclidean metric d E on V such that d X | V and d E are Lipschitz equivalent (Theorem 7.1). Let (x 1 , . . . , x n ) be a coordinate system on V such that {∂/∂x 1 , . . . , ∂/∂x n } is an orthonormal basis of (V, d E ). If we restrict η in such a way that its image is contained in V , then η : Suppose that γ is reparameterized as η in Item 1 such that (48) holds. Set x = γ(a) and y = γ(b). In order to prove the second item, suppose that inf γ∈Sx,y
We claim for a contradiction. Consider
In fact, if we subdivide [a, b] in several subintervals, the restriction of γ to one of these subintervals should satisfy (49). For every u ∈ [a, b], there exist a τ -neighborhood V u of γ(u) and a Finsler metric
This induces an open cover of [a, b] by intervals such that γ restricted to these intervals have their image contained in some V u . Let δ > 0 be the Lebesgue number of this covering. Then we can find a closed interval [â,b] of length less than δ > 0 such that (49) holds. But
where α is the straight line connecting γ(â) and
, what contradicts (49). This settles the second item and the lemma. 
ℓd
is Finsler (the integrals in (50) are Lebesgue integrals).
Proof
First of all, we prove (50) with v γ (t) existing a.e.. By Proposition 6.2, every path in (G/H X , d X ) which is continuously differentiable by parts is Lipschitz (and d X -rectifiable). This settles the first equation of (50) and implies that v γ (t) exists a.e.. The second equation of (50) holds due to (6) . The last equation of (50) follows from the definition of F .
In order to see that (G/H X ,d X ) is Finsler, notice that (50) implies that d X and F induces the same length function on paths which are continuously differentiable by parts. Moreover
where the second equality is due to the second item of Lemma 7.10.
Finally v γ (t) exists whenever γ ′ (t) exists due to Theorem 3.7.
Corollary 7.12. Let ϕ : G×M → M be a transitive smooth action by isometries of a Lie group G on a differentiable
Consider p ∈ M and set X = {p}.
Butd X is Finsler due to Theorem 7.11, what settles the corollary.
Further examples
This section is devoted to present additional examples in order to better illustrate the theory developed so far. Example 8.1. (Counterexample to Corollary 7.12) If a metric d on a differentiable manifold M is Lipschitz equivalent to a Finsler metric F but it is not invariant by a transitive action of a group, we do not have necessarily that d is Finsler: Let f : R → R be a strictly increasing Lipschitz function which is not differentiable at 0. Moreover we can also suppose that the left and right derivatives does not exist at 0 and that there exist constants C 1 , C 2 > 0 such that
The graph of f will be placed between these lines. It is the concatenation of the line segments that connect the points
We proceed in a similar way for t > 1 and set f (t) := −f (−t) for t < 0. n × R n → R n be the action given by ϕ(x, y) = x + y. Let X ⊂ R n be a non empty compact set. The isotropy subgroup is the trivial subgroup of R n what implies that R n /H X ∼ = R n . The equalities d X (xH X , yH X ) = d H (x + X, y + X) = d H (x − y + X, X) hold because the action is by isometries. We claim that d X (xH X , yH X ) = d(x, y).
The relationship d H (x + X, y + X) ≤ d(x, y) is straightforward due to the definition of Hausdorff distance and because ϕ is an action by isometries.
In order to see that d H (x + X, y + X) ≥ d(x, y), set z = x − y. By an orthogonal change of coordinate systems, we can suppose that z = (0, . . . , 0, z n ), z n ≥ 0. Consider π n : R n → R the projection in the n-th coordinate, set m = min x∈X π n (x) and considerx ∈ X such that π n (x) = m. Taking the supremum with respect to P, we have that ℓ d (η) = ℓ ρ (η) for every path η. Thusd =ρ.
Example 8.5. Let ϕ : G× M → M a transitive action by isometries of a Lie group G on a Riemannian manifold M . Denote the Riemannian distance by d. Let X be the closure of geodesic ball in M . We remember that B(p, r) is a geodesic ball if its closure is contained in a normal neighborhood of p (see [8] ). Notice that H X = H p because an isometry sends a geodesic ball of radius r in a geodesic ball of the same radius and hX = X if and only if hp = p. Thus G/H X is diffeomorphic to M .
Due to the definition of geodesic ball, there exist an ε > 0 such that B(p, r + ε) is also a geodesic ball. Then there exist a neighborhood V of e ∈ G such that V = V and B(gp, r) = gB(p, r) ⊂ B(p, r + ε) for every g ∈ V . For g ∈ V − H p , consider the unique geodesic γ g such that γ g (0) = p and γ g (1) = gp. Lett be the first positive value such that γ g (t) ∈ ∂B(p, r). Then d(p, γ g (t)) = d(gp, γ g (t + 1)) = r and d(γ g (t), γ g (t + 1)) = d(p, gp), what implies that γ g (t + 1) ∈ ∂B(p, r + d(p, gp)). Observe that p, gp, γ g (t) and γ g (t + 1) are in the same minimizing geodesic.
In order to prove that gH X → gp is an isometry from (G/H X ,d X ) to (M, d), it is enough to prove that d H (X, gX) = d(p, gp) for every g ∈ V due to Lemma 8.4. If g ∈ H p = H X , there is nothing to prove. Otherwise notice that d H (X, gX) ≥ d(X, γ g (t + 1)) holds due to the definition of d H and the fact that γ g (t + 1) ∈ gX. σ j (x, t) (see [8] or [11] ). We claim that g(x, t) = n i=1 ξ 2 j (x, t) what settles the theorem. For t = 0, the equality is immediate. For t = 0 we have that ξ j (x, 0) = ∂ ∂t t=0 a m+j (exp(tv)x) = ∂ ∂t t=0 Ψ(exp(tv)x), dΨ (x,0) (E m+j ) R n = dΨ (x,0) ∂ ∂t t=0 exp(tv)x , dΨ (x,0) (E m+j )
where the last equality is because dΨ (x,0) : T x X ⊕ T ⊥ x X → R m ⊕ R n satisfies the conditions of Lemma 8.7, with T ⊥ x X = N 1 . Then g(z, t) = n i=1 ξ 2 j (z, t) and g is continuous.
A particular case of Theorem 8.6 is when X is a finite subset of M . 
Proof
If ·, · M is bi-invariant, then
for every g ∈ G, where the first equality is due to (30). In particular, its norm is constant along M . Then
and the equality holds if and only if there exist a x ∈ X such that K v (x) ∈ T ⊥ x X. Example 8.11. Let G be the additive group (R 2 , +) and M = R 2 /Z 2 be the flat torus. We represent a point of M by (x,ȳ), wherex is the equivalence class of x ∈ R in R/Z. Consider the natural action ϕ : R 2 × M → M defined by ϕ (((g 1 , g 2 ) , (x 1 ,x 2 )) = (g 1 + x 1 , g 2 + x 2 ) and set X = M − Q, where Q is the equivalence class of the square (1/4, 3/4) × (1/4, 3/4) ⊂ R 2 in M . In order to make calculations, we represent M by the square [0, 1] × [0, 1] ⊂ R 2 with its opposite sides identified. Observe that H X = Z × Z and that G/H X is diffeomorphic to M .
